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A fully coupled, shock-capturing technique is presented for chemically reacting flows at high Mach numbers.
The technique makes use of a total variation diminishing (TVD) dissipation operator that results in sharp, crisp
shocks. The eigenvalues and eigenvectors of the fully coupled system, which includes species conservation
equations in addition to the gasdynamics equations, are analytically derived for a general reacting gas. Species
production terms for a model dissociating gas are introduced and are included in the algorithm. The convective
terms are also solved using a first-order TVD scheme, while the source terms are solved using a fourth-order
Runge-Kutta scheme to enhance stability. Results from one-dimensional numerical experiments are shown for

both a two- and a three-species gas.

Nomenclature
= speed of sound
= flux Jacobian matrix, = dF/dq
= species mass fraction of ith species
= specific heat at constant volume
¢, = specific heat for i th species
C; = reaction rate coefficient, forward reaction
' = reaction rate coefficient, reverse reaction
= internal energy
= total energy per unit volume, = pe + 1pu?
= convective flux vector
= flux vector at discrete point j

=TVD flux at j

= heat of formation for ith species
= total enthalpy per unit mass, = E+p/p
= forward reaction rate

= reverse reaction rate

= x momentum

= molecular mass of ith species

= pressure

= conservation variables

= universal gas constant

= time

= temperature

= total variation diminishing

= velocity

= source term for species production
= x coordinate

= eigenvectors of A4

= inverse of X

= characteristic variables

= exponent for forward reaction
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n, = exponent or reverse reaction
©®, = heat of reaction

N =th eigenvalue

A = matrix of eigenvalues

p = density

¢ =clements of ®

® = TVD dissipation operator
¥ = numerical viscosity term
Subscripts

A =species A

A, =molecule A,

B =species B

b = backward (reverse) reaction
f = forward reaction

i = species index

J = grid index

ns = number of species

Introduction

HE development of a class of advanced space transporta-

tion systems over the next few decades will require new
numerical techniques to aid to their design The most pub-
licized of these systems is the aeroassisted orbital transfer
vehicles (AOTV). These vehicles are proposed by NASA to
carry payloads from one orbit to another using aerodynamic
forces in the upper atmosphere to accomplish orbital altitude
or inclination changes. A detailed mission analysis of AOTV
can be found in Ref. 1.

The design of AOTV’s will require detailed knowledge of
the low-density, hypervelocity flowfield where the vehicle is
expected to maneuver. There are strong indications that the
flow will be in chemical nonequilibrium, which can greatly
influence heating rates to the vehicle. Howe? gives an intro-
duction to aerothermodynamic problems related to AOTV
concepts.

The design of the AOTV cannot be accomplished with
accuracy without the development of some new computational
tools. The new capabilities that will be required include the
ability to capture strong shocks (over Mach 20), the ability to
resolve regions of strong expansion, and the ability to handle
real-gas effects, such as chemical nonequilibrium. Figure 1
illustrates these flow features on a generic AOTV. The strong
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Fig. 1 AOTYV flowfield.

bow shock may be fitted by shock fitting techniques, but the
resolution of internal recompression shocks will require
shock-capturing capabilities. The flow behind the shock wave
will be in chemical and thermal nonequilibrium, which has the
effect of reducing the shock stand-off distance found in the
nonreacting-gas case. In addition, the nonequilibrium effects
will affect the solution during the expansion to the base flow
region. Resolving these complex physical phenomenon will be
a great challenge for computational aerothermodynamics.

The goal of this paper is to develop an algorithm that can
capture discontinuities and allow for finite-rate chemistry so
that it can eventually be applied to the AOTV. This study
extends a current shock-capturing, ideal-gas algorithm®* to
include chemical nonequilibrium effects and applies it to. a
one-dimensional shock wave. The one-dimensional problem
serves as a vehicle to study the addition of the finite-rate
chemistry to the Euler equations of gasdynamics. Clearly, the
complete AOTV problem requires a multidimensional code
with diffusion terms included; however, model problems must
be tested first to achieve an appropriate level of confidence.

A total variation diminishing (TVD) numerical dissipation
operator is used to produce sharp and crisp shocks. The
scheme fully couples the gasdynamic equations with species
conservation equations. As used here, fully coupled implies
that the species conservation equations are solved using the
same integration procedure as the gasdynamics equations. In
particular, this means using the eigensystem for the complete
set of equations, rather than for the gasdynamics alone, when
determining propagation speeds for the TVD operator. The
species conservation equations, which must be added to
account for the finite-rate chemistry, have convective flux
terms that modify the characteristic nature of the system and
the equations contain source terms to account for species
production. Note that the species conservation equations
account for species consumed or produced in finite-rate reac-
tions and implies that all of a species in a cell volume is either
convected across cell walls or is involved in a mass conserva-
tive reaction. This differs from the strong conservation law
form, which would include no source terms and, therefore, no
reactions. In this work, a model real gas is used where each
species exhibits individual properties (i.e., molecular mass and
specific heats).

Other studies that compute chemical nonequilibrium flows
generally uncouple the species equations from the gasdynamics
equations. However, a few researchers have solved the equa-
tions completely coupled. Park® solved an 11 species shock-
tube problem using a shock-fitting, central-differenced, im-
plicit scheme. His coupled scheme was computationally costly
and was inadequate for stable, robust solutions, particularly in
the regions where the chemical reaction times were fast and
the gradients high. In two other studies, Carofano® and Buss-
ing and Murman’ have also coupled species equations with
gasdynamics equations, but have applied their solutions to
combustion problems at lower Mach numbers. This study
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introduces a model real gas with up to three species and
investigates ‘the coupling species equations to gasdynamics
equations. In addition to solving the completely coupled set of
equations, an alternate form of the scheme is introduced that
uses this coupling information to reduce the computation
time.

Equations
The equations for the one-dimensional, inviscid, reacting-gas
model are solved in conservation law form. The equations
represent conservation of species, mixture momentum, and
total mixture energy, all per unit volume. The equations are
usually written
dq A JF

-+

t T ax =W (1)

The vectors ¢, F, and W are defined by

em
) cz.m wy
P1 : W,
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The viscous, or diffusion, terms are not included in this study.
The pressure p comes from the state equation for each of the
species [p; = p,(p;, T)] and Dalton’s law [p=p(p;) =
p{(p;, T)] and is written as

<« b
p=2 3 RT (3
i=1

The temperature T is determined from the definition of the
total energy,

E u2 ns
¢,T=—~— L Y oh? (4)
i=1
It is assumed that the gas is in thermal equilibrium; thus, the
vibrational temperature and translational temperature are
equal. Note that the left-hand side of Eq. (4) should read
fde,(T)dT, but it has been assumed that the integral can be
evaluated to read ¢, T for this study. S

The terms w; in Eq. (2) represent the production of species
from chemical reactions and will be described later. It should
be noted that the sum of the species equations yields mixture
mass conservation; therefore, the mixture mass conservation
equation is redundant and not solved. If the equations are
solved uncoupled, then summing the species finite-difference
equations does not guarantee conservation of mass, but may
result in a nonconservative form of the mixture mass finite-
difference equation. It is speculated that this is a cause of the
inconsistencies that arise in uncoupled methods, particularly
in high-gradient regions. These inconsistencies can result in
wrong answers, so they must be absorbed by a correction
procedure. The conservative mixture-mass equation can be
solved instead of one of the species equations, but this ap-
proach is not taken because of added complexity to the flux
Jacobian matrix and its eigenvectors. : ‘

The governing partial differential equations are hyperbolic
in nature. A significant amount of research has been done to
study the properties of hyperbolic systems similar to Eq. (1)
based on an ideal gas. This vast knowledge base can provide
useful information in solving chemically reacting flows.

Algorithm
An explicit method was chosen to develop a simple under-
standing of the important terms present in the equations
without introducing the complications with an implicit method.
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Implicit schemes generally have greater stability characteris-
tics and are usually favored for stiff equations such as those
used here. However, implicit schemes generally require block
matrix inversions, which are computationally expensive. A
three-dimensional, ideal-gas equation set will generally have
5 % 5 blocks, which can be handled on today’s computers. An
11 species gas in three dimensions will have 15 X 15 blocks,
which is currently beyond the capabilities of today’s com-
puters for realistic problems. Methods to reduce the block size
may be possible and represent an area of future research.

The difference of the convective flux terms and the source
terms are handled differently. The flux terms use an explicit
differencing with a TVD dissipation model for numerical
damping. The source terms are evaluated using a fourth-order,
Runge-Kutta differencing in time to enhance stability. The
complete algorithm is written

At/ ~ ~ At ~ z £
a+t _ n n n n
qj+ q - x( FJ*E Fj_%) + 3 (VVI' +2Wj+2WJ Wj)

©)

where ﬁ/ +1 will be discussed in the following section and

gj=q] +3AW?, W=wa)
7;=4q} +3tW;, W=ma)
7;=q} + AW, W=W(7) 6)

Convection Terms

Current shock-capturing algorithms contain sophisticated
dissipation models to enhance the stability of the solution and
are designed to eliminate classical pre- and postshock oscilla-
tions. The oscillations that occur with improper dissipation
generally become unstable with stronger shocks; therefore,
shocks must be captured oscillation free. The dissipation
model used in this study has been applied by Yee et al.® to a
problem with a Mach 10 shock with success. The details of
this model, applied to ideal gases, can be found in Refs. 3
and 4.

The governing equations can be reformulated in a more
convenient manner for analysis by introducing the flux
Jacobian matrix A4, where A = dF/3dq. The governing equa-
tions then become

9q
ar

In this form the methods for solving systems of hyperbolic
conservation laws can be studied.

Dissipation models for hyperbolic finite-difference proce-
dures that are successful in capturing strong shocks all make
use of the wave properties of the Euler equations. The wave
propagation properties are defined by the eigenvalues and
eigenvectors of the flux Jacobian matrix, 4 and are obtained
by diagonalizing A, such as

+qu w (7

A=XAX! (8)

Because the eigenvalues of A are real, the equations are
hyperbolic. Note that it is in the evaluation of 4, X, X~1, and
A where the coupling of the gasdynamic equations with the
species conservation equations occur.

A and A, for a three-species gas, are

[ u(l—-¢) —uc;
—uc, u(l—c,)
A= —uc, —ucy
P,—u? P, —u?
| u(P,y —H) u(B,~H)

and
A= Diag[u,u, u,u+ P+ P(H—u?),
—‘/PD+PE(H—u2)] (10)

with
Py = (a%%)pz,ps,m,s’ Pa=(38) .
Pa=() . m=(Z)
S T

The total enthalpy per unit mass H = (E + p)/p is introduced
for convenience. The derivatives, which may not be familiar
from thermodynamics, are simply derivatives of pressure with
respect to the conservative variables- of Eq. (2). The set of
eigenvalues are generalized from the set for ideal gases, which
has introduced a generalized “speed of sound” defined by

()l o

For analysis, the following relation is derived from the equa-
tion of state

P, = —uP, (13)

m

A relationship has been introduced to determine the eigenval-
ues based on Dalton’s law for partial pressures. The relation-
ship is

(%)m -3 (ap,)p mE (14)

i=1

The expressions for (dp/dp;), m e and (dp/dE), ,
evaluated as

ap) R pCy M [mz ]
-_— = — T———l+_l_. 0
3),.. X mj a9

The set of eigenvectors X and its inverse X! are

1 0 0 TN a
0 1 0 c, c
Y= 0 0 1 e o
u u u uta u—a
P P P
u? - Pp: uz—Tf: uz_TP: H+ua H-—ua
(16)
—uc; o 0 |
—uc, cy 0
9
u(l—c3) PN 0 ©)
Pi—u*  2u+P, P,
u(Ps—H) H+ubp, u(1+PE)J




484 S. EBERHARDT AND K. BROWN

1- 35, -8B,

-3n -8R,

X_1= ——&%Ppl _%I)Pz
5 (B —ua)  55(B,—ua)
| (Bt ) 5a(B,+w)

Extensions of this analysis to N species is clear and involves
adding a new eigenvalue u and an eigenvector for each
additional equation.

The algorithm and dissipation model for the convective
terms used in this study will now be discussed. Yee’s al-
gorithm is described, for first-order accuracy, with the source
term set to zero, by

n+1 n__ Az (F; (18)

where x =jAx and the numerical flux I:ji% is defined as

£, (19
The vector F; is the flux vector of Eq. (2) and the matrix X, 1
is the set of eigenvectors from Eq. (16) and is evaluated at the
midpoint of j and j+1. The vector @1 is obtained in the
following way. First, define

L
2

=i E+E+ X9,

(20)

Q1= X;-lé(qj+1 - ‘Ij)
Also let
V(M) =g XNuy>e

= %(Xﬁ%”‘z)’ Xy

(21)
1<€ (22)

where N, j+1 are the eigenvalues of 4 evaluated at j + 1. Now,
the elements of @, 1 can be determined by

o= —(Nir) s (23)

The dissipation model has the effect of creating an upwind
differencing to the central differenced scheme. The dissipation
operator, formulated for first-order accuracy, as it is in this
study, is approximately defined by

X ;CI) q j) (24)
where |A4] is defined as X|A|X™! and |A|is the matrix of
absolute values of the eigenvalues. This is standard CFD
terminology to define a flux splitting scheme. If no dlSSIpatlon
model were added to Fj +1, then the algorithm is simply
central differencing in space. Addmg X 19,1 t0F 1 makes
the algorithm effectively upwind, such as

+1F “|A|(qj+1 -

A,>0, then 1 — F_

R

E-F_,

N
0=

A\, <0,then F,1 —F 1=F, ~F (29)

=
The dissipation model can easily be extended to second-
order-accurate differencing of the flux terms for ideal gases,
but so far there has been no success for the real reacting gas
studied here.
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1 L p, -2 p;
~B, w2 P - 2R
3
=gk ek gk )
(B, —uw)  s(a-uPy) 5P
%(ﬂ,;+ua) —ﬁ(u%—uPE) 2%2 : |

This method for computing the convective terms results in a
fully coupled, conservation formulation for solving reacting-
gas problems. The algorithm does decouple convective waves
to determine fluxes; however, these waves are determined
from the completely coupled system. In contrast, if the two
equation sets are solved decoupled (i.e., solving the
gasdynamics and then the chemistry through independent
integration procedures), the decoupling of the convective waves
does not lead to conservative fluxes. This is primarily due to
the fact that the system does not take into account the effect
of changing species densities on the velocity u when
gasdynamics and chemistry are solved independently.

The method introduced here can be computationally inten-
sive. Calculating X;,1®,,1 at each midpoint is expensive,
particularly if the number of species is large. For realistic
gases with 11 species, X, 1 and XJ+1L are 13 X 13 matrices in
one dimension and are involved in matrix multiplications. If
the matrix algebra is not done efficiently, the number of
operations grows as the cube of the matrix size. A method
proposed in the following section reduces the computational
requirement significantly and grows only linearly with the
number of species.

Modified Dissipation Operator
A modified form of Eq. (19) is used to reduce the computa-
tion requirements when additional species are added. A new
numerical dissipation is added that retains all of the conserva-
tion properties and is fully coupled. Yet, the method resem-
bles that for a decoupled system. Equation (19) is rewritten

(26)

where the new numerical dissipation is defined by
%+n)§+;®j+x +%. The matrices XI+1 and (I)j+_ correspond
to the dissipation operator for only the gasdynamics equa-
tions, including conservation of the mixture-mass. The corre-
sponding eigenvalues and eigenvectors for the gasdynamics
equations alone are

E+%=%[F+F}H+($ %X’ 1®

J +3

1+):)]

A=Diag[u,u+\/Pp+PE(H—u2) ,u—\/Pp+PE(H—u2)]

(27)
1 1 1
- u ut+a u—a
X= a2 (28)
H_T H+ua H-ua
E
n A
a? a? a’
"’__1_ 1 1
A PPl SOl B el G O L
1 1 1
Ep(Pp+ua) —m(a+uPE) 2—(12. E
(29)
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The conservative variables for the gasdynamics equations alone
are g=[p, m, E]" and @ is defined by Eq. (23). With this new
dissipation model, the momentum and energy equations re-
ceive the same amount of numerical damping, but the species
equations must use the damping from the mixture-mass equa-
tion. The operator ., 1 distributes this dissipation depending
on the mass fraction. %, 1 is defined by

g 0 0
¢ 0 0
L=le; 0 0 (30)
0 1 0
0 0 1

This part of the dissipation operator assures that the mixture-
mass equation is conserved and effectively upwinded. On the
other hand, the species equations are not receiving the proper
amount of dissipation. A correction term ¥ is added for the
species equations.

If the equations had been solved decoupled (i.e., as sets of
gasdynamics and of species conservation equations), the
species equations would take on the following form:

dp;
ax W

d
i+u

(31)

If the TVD dissipation operator were used on the uncoupled
equations, then

X.

1
)

)

o1
itz

(32

This simple expression, as mentioned previously, will not
result with mixture mass conservation. It is, however, conveni-
ent to use as a correction factor. First, define

“j+§(Pi,j+1 - P,',j)

ns

WUl Z (‘Ii.j+1_q"’f) (33)
i=0
and then
Cl0 — uj+%(P1‘j+1 - pl,j)
Cw— j+%(p2,_/‘+1 —0,;)
Z = c3w—uj+%(p3,j+1_l)3,j) (34)
0
0

With this correction, all of the coupling and conservation
properties are accounted for. The terms in ¥, all sum to zero,
therefore preserving the conservation of the mixture mass; yet,
each species has its own, correct dissipation. The computation
of the dissipation operator is now linear with the number of
species and involves only the 3 X 3 matrices of the gasdynamics
equations. This procedure has been used successfully and is
shown in the results.

2 2
—p(kach2 +ky,Ca Catkpca,—ky, cRea,~ ky,c2—ky BcﬁcB)
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Finite-Rate Chemistry

The source terms in Eq. (1) are a result of such chemical
reactions as dissociation and recombination. The model reac-
tions that will be presented here use a simple rate equation for
dissociation /recombination similar to that found in Vincenti
and Kruger.® For simplicity, only two species will be allowed
to interact, with all others being inert.

The model dissociation reaction is described by

k
A, +BS2A+B -k 4, (35)

where an A, molecule dissociates as a result of a collision
with molecule B and 4% _, is the heat absorbed by the
reaction. Species B can be either a molecule of A,, A, or a
third species. The equation for the forward reaction, to pro-
duce species A, is written

d Ca ns
( T)f = i§0 kficAzci (36)

where kf are the forward reaction rate constants and are
defined by

(37)

kfi = qiT"fie_edi/T

For this study, the constants of Eq. (37), C;, 1, and @, are
selected to define example chemical relaxation times and new
equilibrium states. There is a set of constants for each type of
collision, since it is assumed that collisions with any type of -
molecule, whether A,, A, or B, produce a reaction.

Not all of the reactions produce molecule A. The reverse
reaction, which produces A, from A, proceeds at such a rate
that an equilibrium state is ultimately reached. The reverse, or
backward reaction, has a rate defined by

de ns
( d?z) = Y ke (38)
booj=0

where ¢, is raised to the second power because two atoms of
A must collide to form a molecule of A,. The rate constants,
k,, , are defined by

k, =Gy, Tbi (39)

where, again, C, and 7, are selected for a model gas.
The source terms for the dissociating, three-species model
gas, where one gas is inert, is finally described by

(40)

2 2
p(ka CR, ¥ ks eatatkrcacn— k,,AchcA2 ~ky,cA—k, Bc,icB)
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The results shown in this paper use a fourth-order Runge-
Kutta procedure for integrating the source terms. A simple
explicit Euler differencing has also proved to be adequate for
the problems presented here. In general, however, explicit
handling of the source terms runs into stability problems
when approaching equilibrium conditions across a shock wave.
This study does not encounter these problems because the
reaction times across the shock are of the same order as the
fluid flow times and, thus, do not dictate stability. Realistic
problems, however, have chemical scales that differ by orders
of magnitude and, therefore, implicit, exponential, or asymp-
totic handling of source terms is required. It is not the purpose
of this paper to study numerical methods for stiff source
terms.

Source Term Discontinuities

Numerical handling of the source terms is extremely difficult
and warrants more research. One difficulty arises when the
source terms jump at discontinuities. Evaluating W before a
one-dimensional shock at equilibrium gives W = 0. Through
the shock itself there is a large temperature rise, resulting in a
flow out of chemical equilibrium. For realistic, hypervelocity
flows the source term W will jump to values that can be orders
of magnitude larger than the flux terms. The source term will
decay after a certain distance, depending on the Damkohler
number (the ratio of the chemical reaction rate to the flow
rate) to zero at equilibrium. If the reaction rate is slow, the
flow can remain frozen and the source term will decay very
slowly. If the reaction rate is fast, compared to the characteris-
tic speed of the flow, the species concentrations will relax to
equilibrium quickly. It should be noted, however, that for real
gases the reaction rate model presented earlier does not, in
general, give equilibrium flow as a limiting case. This is a
weakness of the reaction rate models.

The differencing at the discontinuity is critical. If central
differencing is used for the flux terms, then the fluxes com-
puted on the downstream side would be from flow that may
be in strong nonequilibrium. This state would then propagate
the influence upstream. However, with purely upwind differ-
encing at the discontinuity the downstream reactions cannot
affect the solution upstream. This differencing is one ad-
vantage of TVD operators, which limit the fluxes to upwind
differencing at discontinuities. It was observed, through
numerical experimentation, that any downstream influence
just before the shock would quickly become noticeable
throughout the flow.

Initial Conditions and Boundary Conditions

The computations are performed on a one-dimensional
flow. The solution is initiated by providing an ideal-gas at the
25% point of the grid. The grid uses 75 equally spaced points
and no effort is made in grid refinement. An initial discontinu-
ity must be specified; otherwise, there would be no mechanism
for a shock wave to form.

The upstream boundary uses Dirichlet data since all infor-
mation is inflowing and all of the data must be specified. All
of the results shown in this paper use an upstream Mach
number of 30. The equations are normalized by freestream
values so that upstream conditions are simple. The down-
stream data, on the other hand, are much more difficult.
Dirichlet numbers for all downstream data are inappropriate,
since all of the eigenvalues, except u — a, suggest the use of
outflow conditions. Therefore, data are extrapolated from the
interior of the grid. The negative eigenvalue, u <a so u—a <
0, is the characteristic that lets the information propagate
upstream and form a shock wave. Thus, at least one piece of
information must be specified downstream to maintain the
shock. In this study, the speed of sound is selected. Other
variables such as pressure can be used, but the speed of sound
requires less accuracy and, therefore, is favored.

J. SPACECRAFT

The one-dimensional nature of the problem results in an
physically sensitive shock. If the jump conditions are incorrect
for a given Mach number and selected gas properties, then the
shock wave must move to compensate. There is no way to stop
the shock from moving except to correct the downstream
boundary condition. Therefore, with inaccurate boundary
conditions, the shock wave will eventually propagate out of
the computational domain. The results obtained below use
boundary conditions that are determined by varying the
downstream speed of sound until the shock velocity ap-
proaches zero.

The difficulty of stabilizing the shock location can be avoided
by computing a one-dimensional nozzle. The shock will stabi-
lize by moving to a location where the jump conditions are
correct. This approach has problems of its own, however. To
investigate a Mach 30 shock wave, a nozzle requires an area
expansion ratio of greater than 500:1. Including such expan-
sions in a computational scheme represents an entirely differ-
ent area of research.

Results

Results have been obtained for two model chemically re-
acting gases. The first gas simulates a pure dissociating gas
with the concentration of A, initially 100%. The second gas
roughly simulates air with 75.6% of molecule B, 24.4% of
molecule A,, and 0.0% of molecule A. These mass fractions
represent those of N,, O,, and O in a standard atmosphere. In
the second gas, molecule B is inert.

The reaction rates for the modeled gases have been selected
so that A, dissociates 100% to A through a Mach 30 shock.
Table 1 lists the constants used in this study. These rates are
not necessarily the correct physical rates for dissociating O,,
but have been selected to illustrate the algorithm. They have
been normalized with respect to freestream conditions, which
accounts for the different exponents than one usually encoun-
ters. The species properties are found from simple gas models.
The specific heat at constant pressure, C, (normalized with
respect to R, the gas constant), are G,.=¢, =(@2+5)/2and
C,, =(2+3)/2. This simple model assumés there are five
degrees of freedom for the diatonic molecule and three for the
atom. The molecular masses have been normalized with re-
spect to freestream continuous and have been selected to
reflect the massive ratios of N,, O,, and O.

Figure 2 demonstrates the solution using different char-
acteristic temperatures ®, in Eq. (37). Three examples, show-
ing the effect of different ®,, are computed using the first
model gas. The computation with 8, = 1500 shows a solution
that approaches equilibrium quickly. The chemical relaxation
occurs over roughly four grid points which, for finite-
difference procedures, can be considered to be close to the
shock thickness. This relaxation rate represents the limit for a
stable solution based on a CFL number (u -+ a)(At/Ax) of
0.4, which was used for all calculations presented here. This
rate demonstrates that the stiffness of the species production
terms is no worse a factor than the flux terms for nearly

Table 1 Gas properties
Mnfty ¢,

Species ¢;,% M R/M G n Gy omy 6, R
a) gas 1,100% A,

A, 100 10 35 2x105 1510 -1 (a3 —

A 0 20 25 2x107 2010 —15 (a) (b)

b) gas 2, air model
A, 224 09055 35 2x10° -1510 -1 535 —
A 0 1.8110 25 2x107 —-2010 -1.5 535 100
756 1.0349 35 2x10° —-1.5100 -1 535 —

“f, = 1500, 535, 225. *4° = 0, 100. 200.
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Fig. 2 Two-species gas dissociating through a one-dimensional, Mach
30 shock wave.

the computation. The final reaction rate, ©,=225, ap-
proaches the limit of frozen flow where the reaction time is
long compared to the characteristic time of the flow. For the
model gas with dissociation, the method presented in this
paper appears capable of handling reaction rates that range
from frozen flow to near equilibrium flow.
equilibrium flows. The second reaction rate uses ©, = 535 and
gives full dissociation in the characteristic length chosen for
Figures 3 and 4 demonstrate the effects of changes in heat of
formatiorn. Figure 3 shows the density and Fig. 4 the tempera-
ture. The density jumps to almost 6.0, the hypersonic limit, for
an ideal-gas calculation with y equaling the ratio of specific
heats, which is 1.4. When the real gas is computed with no
Heat of formation, the density relaxes after the shock to a
lower value. This lowering of the density is a result of the
change from the diatomic gas to the dissociated gas, which has
half the mass. There is also a lowering of the temperature due
to dissociation. Pressure, however, is not affected by the
dissociation, since the lowering of p and T in Eq. (3) is
balanced by an increase in the mixture gas constant,
2.7 ¢,(R/M,). When the heat of formation is included in the
definition of energy [Eq. (4)], the temperature continues to
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Fig. 4 Effect of heat of formation on temperature.

drop sinceé energy is being removed from internal energy and
transferred to chemical energy. However, the density in-
creases. These trends continue as the heat of formation in-
creases and eventually result in a density jump greater than
expected for an ideal gas. Since pressure is not affected by the
reaction, the decrease in temperature must be balanced by an
increase in density.

Hypersonic approximations to the Rankine-Hugoniot jump
conditions quickly give an indication of the accuracy of the
method. If 100% dissociation is assumed, then the jump
conditions are approximately

(¢, T),=%ul —h§ (41)

where subscript 1 stands for the upstream conditions and
subscript 2 for the downstream condition. The term 4° is the
total energy absorbed through the heat of formation for
completely dissociated A,. Using the approximation of Eq.
(41), the ideal gas jump 7,/T; is 180, which is close to the
value computed (the exact value is 176). The approximate
equilibrium jump conditions are 126, 102, and 78 for A°
equals 0, 100, and 200, respectively. These aproximate values
compare favorably with the asymptotic values of Fig. 4.

The second model gas was computed using both the fully
coupled method and the modified method. The conditions for
this gas are shown in Table 1b, and the resulting species
distributions are shown in Fig. 5. Both procedures successfully
capture the shock and are virtually identical. There is a slight
difference in the crispness at the shock point, however. This
slight difference is negligible and appears not to affect other
areas of the flow. A 60% reduction of computer time was
found in computing the numerical dissipation terms with the
modified method. For the model gases studied here and the
fourth-order Runge-Kutta procedure for the source terms, the
computation time is dominated by the source terms; thus,
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Fig. 5 Three-species gas through a one-dimensional shock wave.

the improvement in overall computer times is not large. It
should be noted that the overall computation time for 1000
iterations and 75 grid points is under 20 s on the Cray X-MP
for either method.

The two test cases studied show the expected results from
these simple examples. The authors believe that the method
presented can be used to reliably predict the physics of
chemically reacting flows. A future step will be to validate the
algorithm, using physical gas constants, with real shock-tube
data.

Conclusions

A method for solving chemically reacting flows at high
Mach numbers has been presented. The method successfully
captures strong, crisp shocks and includes the solution of
individual species concentrations. The method is independent
of the number of species and can allow one or more of the
species to vanish without introducing new errors or singulari-
ties. Generalized, reacting gas characteristics have been
evaluated for the complete coupled system. The hyperbolic
nature of the time-dependent Euler equations allows these
characteristics variables to be used to determine the wave
propagation properties and is the motivation for using the
TVD numerical dissipation.

J. SPACECRAFT

Although coupled and therefore fundamentally correct, the
method may become too expensive to compute for systems
with a large number of species. The modified method pre-
sented in this paer overcomes this problem, since the compu-
tation of the TVD dissipation terms grow only linearly with
the number of species. However, the computational require-
ments of the source terms also represent a dominant factor in
deterimining the computer time and must be considered to
achieve large savings. When using explicit Euler for source
term integration, the CPU time savings of the modified method
for three species was 60%. The fourth-order Runge-Kutta, on
the other hand, saved only on the order of 10%. The modified
method obtains identical results, except for crispness at the
shock point, and is a less costly alternative to computing the
fully coupled system.
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